Abstract-We study the interaction of electromagnetic waves in layered media with textured interfaces. Experimental results of a solar cell grown on a sinusoidal back reflector are compared with a theoretical model using an expansion into diffraction modes. We assume the validity of the Rayleigh hypothesis and show that the continuity equations extend the coupling only to neighboring orders for the case of sinusoidal textures. This approach includes all essential aspects of the coupling process and it requires only a moderate amount of mathematical complexity. Our modeling results correctly reproduce the absorption of the periodically textured solar cell for both polarization directions. The absorption phenomena underlying the light-trapping process can thus be studied with a small number of parameters like period, depth, and film thickness.
I. INTRODUCTION

I
NTERFACE textures are used in various electronic components to enhance the coupling between the active layers and external radiation. Prominent examples are emission enhancement in light-emitting diodes and absorption enhancement in detectors and in solar cells. The latter is most widely studied in devices based on weakly absorbing silicon but could also become an interesting option to reduce the film thickness in other solar cell technologies. In thin-film silicon solar cells, the most successful light-scattering designs rely on random textures that were proposed as early as 1983 by Deckman et al. [1] . However, in the same year, it was already suggested that cleverly designed periodic interface textures should outperform their random counterparts [2] . In the meantime, processing of devices with periodic textures has advanced significantly [3] - [7] , and it was shown that they can perform as well as state-of-the-art random interface textures [8] - [10] . With advancing computing power, rigorous calculations have become accessible to the modeling of solar cells [8] , [11] - [14] , but the understanding of the actual mechanisms of light trapping is still limited.
In this paper, we study absorption enhancement in solar cells with textured interfaces. In order to clarify the underlying mechanisms, we reduce complexity to the bare minimum, i.e., we use a 1-D interface texture of sinusoidal shape. The 1-D geometry is sufficient to treat the excitation of resonances via gratingcoupling, and it has the additional advantage of resolving polarization phenomena. Generally, a 1-D geometry will not enhance the absorption as much as a 2-D geometry since it yields fewer resonance conditions [15] , [16] . Likewise, we find that the sinusoidal interface corrugation is the simplest possible coupling mechanism; it is certainly not the most efficient one [17] . Nevertheless, it can serve as a representative of a component in the spatial Fourier expansion of an arbitrary surface texture. Our analytic approach is based on an expansion into diffraction modes and we use the Rayleigh hypothesis. Reducing the complexity in the device design as well as in the mathematical treatment allows us to distinguish the key parameters underneath the lighttrapping process, especially the excitation of waveguide modes.
II. EXPERIMENTAL DETAILS
We used nanoimprinting [18] to create several copies of a 1-D sinusoidal grating with 1800 lines/mm (GH series, Thorlabs). The copies have a period P of 550 nm and an amplitude s of 70 nm, i.e., 140-nm peak-to-valley depth. The solar cell was deposited in n-i-p configuration using a stack of ITO/ a-Si/ZnO/Ag with respective thicknesses of 65/255/60/120 nm; the deposition is from the same series as the cell on the blazed grating described in [6] . ITO, ZnO, and Ag were deposited by sputtering. The 255-nm-thick silicon film contains n-and p-doped layers with respective thicknesses of 20 and 10 nm, all deposited by plasma-enhanced chemical vapor deposition with an excitation frequency of 70 MHz.
The reflection was measured from 370 to 2000 nm in a spectrophotometer with integrating sphere which yields an angle of incidence of 8
• (Lambda 900, Perkin Elmer). The measurement on the small cell surface required reduced spot size and becomes thus somewhat noisy toward the boundaries of the investigated spectral region. A broad-band wire-grid polarizer (ProFlux PPL05C, Moxtek) was used to polarize the incident beam parallel or perpendicular to the grating lines, exciting thus TE or TM modes, respectively.
III. MODEL
We expand the electromagnetic field of each layer and in the delimiting half-spaces into a series of diffraction modes. An application of this procedure to solar-cell back reflectors can be found elsewhere [19] . For the incident half-space, we assume air as a loss-free medium with relative permittivity ε i = 1, and we express the incident light by a single plane wave with wave-vector components k = k 0 · sin θ and
Here, the wavelength λ 0 of the (2) is illustrated only for the a-Si film.
incident light in air is used to define the wave-vector modulus k 0 = 2π/λ 0 , and θ is the incident angle with respect to the surface normal. Reflected light is described by a superposition of diffraction modes. In the in-plane direction, the wave-vector components are k p = k + p · G, where G = 2π/P with the grating period P and the mode index p which extends over negative and positive integers including zero. The wavevector components in the out-of-plane direction are given by
The components γ i,p are either purely real or purely imaginary and describe thus propagating and evanescent waves, respectively. Fig. 1 shows the chosen geometry where incident and reflected beams are contained in the xzplane. With grating lines parallel to the y-axis, the diffracted beams are contained in the same plane. The description is simplified by considering transverse fields that have only one component in the y-direction.
We can define two polarization directions where either the electric field E or the magnetic field H is directed along the y-axis. The former and the latter correspond to TE and TM polarization, respectively, and the field component in the y-direction is expressed by the following expansion with reflection coefficients r n :
In the films that constitute the solar cell, the field is described by superposing forward and backward going diffraction modes. For these modes, the in-plane components k p are the same as for the incident medium. The out-of-plane components are defined
1/2 with the relative permittivities ε f of each film f . The amplitudes of forward and backward traveling waves are described by the coefficients a p and b p :
Note that the exponents contain γ p with both positive and negative signs. The imaginary parts γ p result thus in exponentially decreasing and increasing terms, respectively. Even for purely real ε f , the latter can cause numeric instabilities once Fig. 2] ). Since the silver back-electrode can be considered opaque for thicknesses like the one used here, we do not take into account its actual thickness, but we assume that it fills the opposing half-space. It contains thus only forward traveling waves with amplitude coefficients t p that are transmitted from the other layers into the silver film:
The dielectric data used in our modeling are shown in Fig. 2 . For ITO, a-Si, and ZnO, they were determined from reference layers on glass by combined fitting of ellipsometry data and the total transmission with a Tauc-Lorentz model [20] . Since the model does not contain band tails, we used data from photothermal deflection spectroscopy in the weakly absorbing region of a-Si. For the opaque silver layer, we used tabulated data of Johnson and Christy [21] .
We assume conformal coating in this paper; however, the grating depth and its phase can be varied easily at each interface. In order to evaluate the continuity conditions at the interfaces, we make use of the Rayleigh hypothesis [22] , i.e., we assume that the expansion into diffraction modes remains valid within the roughness zones and at the interfaces. While not applicable in general [23] , [24] , the Rayleigh hypothesis was reported to apply reliably for gratings similar to ours [25] . For each interface, the application of the electromagnetic continuity conditions yields two equations that relate the field amplitudes and their normal derivatives.
The equation that relates the derivatives contains the distinction between the polarization directions: in TE polarization, the electric field amplitude is differentiable, whereas in TM polarization, the derivative of the magnetic field amplitude is discontinuous by a factor equal to the inverse of the relative permittivities. At the interface between the films f and f + 1, we obtain
The exponent κ is either 0 or 1 to denote TE or TM polarization, respectively (cf., discussion after [26, eq. (3b)]). In addition, the coupling mechanism is also contained in the second continuity condition via the normal derivative:
Here, the derivative of the surface profile g (z) = s · sin Gz appearing in the second term of (5) can be expressed as Gs · cos Gz = Gs · [exp (iGz) + exp (−iGz)] /2, i.e., a sum of two exponentials with positive and negative spatial frequency G. Since the z-dependence of the field amplitudes is expanded into multiples of the same frequency G, the sinusoidal corrugation couples only between neighboring orders [27] . It represents, therefore, the simplest possible coupling mechanism.
After evaluating the equalities along the sinusoidal interface, i.e., inserting x = g (z) = s · sin Gz in all instances of x, the expansion can be sorted by the orders of the diffraction modes exp (iGz · p) and eventually yields an infinite system of linear equations like [28, eqs. (1)- (8)]. This procedure relies on using the generation function of the Bessel functions (cf., [25, eqs. (4) and (5)]), and the result is mathematically rigorous up to this point.
Finally, the equations are truncated to desired accuracy, e.g., at order n. Each interface yields thus 2 × (2n + 1) linear equations with complex coefficients for the determination of the reflection coefficients r p , the amplitude coefficients a p and b p within each film, and the transmission coefficients t p . Since the coupling is included before the truncation in a mathematically rigorous manner, the procedure yields fast convergence, typically for three or four orders [19] , [25] , [28] .
A. Absorption
In the absence of transmission, the total absorption A of the whole stack is obtained by A = 1 − R, using the total reflection R:
The absorption within a film can be determined according to Poynting's theorem by integrating the dissipated power density P abs . We choose a volume that is delimited by one grating period P, the sinusoidal interfaces separated by the film thickness d f , and a distance dy along the y-axis; since the equations are invariant to this coordinate, dy is arbitrary. We obtain for TE polarization
Here, ω is the angular frequency, ε f is the imaginary part of the permittivity of the film, and E f is the electric field vector.
For TE polarization, E f contains only one single component in the y-direction which is given by (2) . The relative absorption with respect to the amplitude of the incident wave is then obtained by dividing with the incident flux of energy S i that impinges on the surface of the probing volume, i.e., the area delimited by P and dy:
The integration in (7) can be carried out numerically. More conveniently, we insert the expansion of (2) and obtain four terms like the following:
Reversing the order of summation and integration, we can carry out the integration along the x-direction. After applying the sinusoidal profiles to the limits of the integration, we obtain terms of the form:
(10) In (10), the integral over a full grating period represents an integral representation of J q −p ((γ f ,p − γ * f ,q )s), i.e., the Bessel function of order q − p. Dropping the ubiquitous index f , we obtain
The absorption in the film is thus obtained by a summation over analytic terms that involve only the amplitude coefficients a p and b p , wave-vector components γ p and k p , and Bessel functions thereof. With this procedure, we can avoid issues with the numeric integration at the cost of treating a few more terms. This is particularly helpful for the contribution of the substrate where the integration should be extended to infinity.
B. Absorption in the Films (TM Polarization)
For TM polarization, F f in (2) describes the y-component of magnetic field vector H f ; the electric field vector E f must, therefore, be determined via
(12) Fig. 3 . Symbols show the total reflection of the solar cell over a wide spectral region (TE polarization, angle of incidence equal to 7 • ). The line illustrates modeling results. The derivatives with respect to x and z yield additional factors of iγ f ,p and ik p or their complex conjugates, respectively, and now the integration extends over two terms. The other considerations of the previous section remain valid and the integrals can be resolved accordingly. Eventually, we obtain again double sums over the amplitude coefficients and Bessel functions.
IV. RESULTS AND DISCUSSION
We applied the model to the solar cell on the sinusoidal texture. All modeling results were obtained with truncation after third order. Expansion to fourth order did not yield an improvement and owing to exponentially increasing terms, it even leads to occasional instabilities around resonances.
A. Total Absorption
Figs. 3 and 4 show the total absorption according to (6) in TE and TM polarization, respectively. In both figures, Fabry-Perot interference yields features that are common in both polarization directions. They are easily identified by reducing the grating amplitude to zero. On the resulting flat structure, absorption maxima appear at 1450, 920, 700, and at 575 nm (not shown). The presence of the grating yields blue shifts to 1300, 870, 680, and 555 nm, respectively. Between the Fabry-Perot interferences, Figs. 3 and 4 show a multitude of guided modes, notably the broad absorption signatures at 1700 nm and around 1500 nm found for TE and TM polarization, respectively. The modeling results denoted by the lines show a good overall correspondence to the measured results; all of the dominant features of the measurement are correctly reproduced.
A closer investigation of Figs. 3 and 4 shows slight misfits of the peak positions, notably around 1200 and 1600 nm. Similarly, the height and width of the peaks show slight deviations. These observations may be related to two shortcomings of our model. First, we assumed perfectly reproduced interfaces, whereas sputtering and CVD processes are known to deviate from fully conformal growth. Second, we used a single film of silicon, whereas the n-i-p stack of the actual solar cell includes the doped layers whose permittivities are likely to differ from the undoped intrinsic layer.
Figs. 5 and 6 zoom in on the range of interest for solar cell operation. For both polarization directions, the low reflection between 400 and 550 nm is related to the ITO front electrode. In combination with the underlying silicon film, its thickness of 65 nm is designed to yield an antireflection condition close to 500 nm (cf., characteristic of the flat structure in Figs. 5 and 6 ). The interface texture enhances the antireflection effect toward shorter wavelengths.
Increasing grating amplitudes yield a blue shift of the dominant Fabry-Perot interference at 570 nm. For TE polarization, a strong drop of absorption appears as the amplitude is stepped down from 70 to 40 nm, for TM polarization this amplitude gives still acceptable absorption enhancement.
In the light-trapping region between 600 and 750 nm, increasing grating amplitude yields more and more efficient coupling to guided modes. The experimental data do not resolve all of the narrow resonances that dominate the modeling results in this region, but absorption enhancement is clearly visible for both polarization directions. Overall, the enhancement appears to be more efficient for TM polarization shown in Fig. 6 .
B. Absorption in the Individual Films
We applied the model to calculate the absorption in the individual films of the solar cell. Fig. 7 compares the results to a measurement of the external quantum efficiency (EQE) in the weakly absorbing region between 550 and 750 nm. The EQE is a spectrally resolved ratio between the number of electrons that the solar cell provides to the external circuit with respect to the number of incident photons. A theoretical "EQE" can be estimated by excluding the thickness of the doped layers from the integration boundaries. This estimate assumes that the solar cell collects all electron-hole pairs and transports them to the external circuit without losses. Fig. 7 shows that this theoretical EQE reproduces the measured characteristic rather well, but it predicts a slightly larger wavelength for the resonance at 775 nm and it underestimates the experimental broadening.
Absorption in the individual films and reflection should add up to unity. Except for the resonances at 630 and 680 nm, the dashed band in Fig. 7 shows that the accuracy of the expansion to third order is better than 5%. However, we emphasize that the idea of this study was the demonstration of a simple model that illustrates the ingredients of the light-trapping process. Fig. 7 shows that there is significant absorption in the regions of the doped layers. In a more recent generation of solar cells than the one studied here, this loss is reduced by using a p-doped layer of nanocrystalline SiO x which is more transparent [29] , [30] . To a lesser extent, parasitic absorption occurs also in the silver back contact and in the ITO front electrode. Absorption in the ZnO buffer layer is negligible.
We also studied the angular properties of the EQE; Figs. 8 and 9 compare experimental and theoretical results for TE and TM polarization, respectively. For TE polarization, the dispersion of the leading resonance is well reproduced as the incident angle is varied from 0
• to 20 • . The model predicts smaller resonances in the weakly absorbing region beyond 700 nm; however, experimentally these are not well resolved.
For the TM-polarized case shown in Fig. 9 , the broadening of the measured data makes it more difficult to distinguish individual resonances. Nevertheless, the agreement between experiment and modeling results is surprisingly good, considering that the expansion is only to third order. A more detailed discussion of the angular properties of this cell including the effect of photonic bandgaps can be found elsewhere [31] .
V. CONCLUSION
We presented a numerical treatment for wave propagation in layered media with sinusoidal interface texture. For this kind of texture, we showed that the coupling between incident radiation and eigenmodes of the stack can be expressed in a fastconverging expansion. We applied our model to the case of light trapping in solar cells, using a device with 1-D grating back reflector. We found that the model reproduces most of the experimental findings, but it is still comparatively simple in terms of the underlying mathematics. The model is thus helpful and instructive to understand details of coupling phenomena that arise from interface textures and we are confident that its application is not limited to solar cells.
